Continuous-variable quantum repeater based on quantum scissors and mode
  multiplexing by Seshadreesan, Kaushik P. et al.
A continuous-variable quantum repeater with quantum scissors
Kaushik P. Seshadreesan1, Hari Krovi2, and Saikat Guha1
1College of Optical Sciences, University of Arizona, Tucson, AZ 85721, USA
2Quantum Engineering and Computing Physical Sciences and Systems,
Raytheon BBN Technologies, Cambridge, MA 02138, USA
(Dated: September 25, 2019)
We present a continuous-variable quantum repeater scheme for entanglement distribution over a
lossy bosonic channel using two-mode squeezed vacuum state sources. The scheme uses the quantum
scissors operation for entanglement distillation. Rates per use of the channel achieved by the scheme
are boosted by a layer of switched channel multiplexing. By suitably choosing the entanglement
source and distillation parameters, degree of channel multiplexing and number of repeater nodes,
the scheme is shown to beat the direct transmission exponential rate-loss trade-off.
A quantum internet [1] that distributes entanglement
and quantum-secure shared secret key at high rates over
large distances exemplifies the goal of quantum commu-
nications [2]. It would enable, e.g., unconditionally se-
cure multiparty classical communications [3], distributed
quantum computation, sensing, and other quantum infor-
mation processing applications [4–9]. The main hurdle in
the way of establishing the quantum internet is photon
loss. Entanglement distribution rates over a lossy bosonic
channel such as an optical fiber or free space link are
known to drop exponentially with loss [10]. The entan-
glement distribution capacity of the lossy bosonic channel
of transmissivity η under unlimited two-way local oper-
ations and classical communication (LOCC) assistance
was recently established to be Cdirect = − log2(1− η) en-
tangled qubit pairs per channel-use [11, 12] (see also [13]
for a strong converse theorem).
Quantum repeater nodes [14, 15] comprised of entan-
glement sources, distillation schemes and memories when
interspersed over the channel can circumvent this ex-
ponential rate-loss tradeoff. For discrete-variable (DV)
quantum states of single photon polarization or time-bin
degrees of freedom, repeater schemes [16, 17] based on
matter memories [18] as well as optical memories [19, 20]
have been developed. Alternatively, quantum informa-
tion can also be encoded in the continuous quadratures of
the electromagnetic field modes, also known as quantum
continuous variables (CV). Since CV quantum states can
be generated using coherent lasers, they allow for easier
integration with classical telecommunications. However,
quantum repeaters for CV remain to be well established.
It is known that Gaussian quantum operations, namely
physical operations that map Gaussian states to other
Gaussian states, alone cannot act as quantum repeaters
for CV [21, 22]. Ralph proposed a scheme based on
heralded non-deterministic noiseless linear amplification
(NLA) [23] that performs error correction [24] against
the Gaussian noise arising from the action of a pure
loss channel on one mode of a two-mode squeezed vac-
uum (TMSV) entangled state. Using the non-Gaussian
quantum scissors operation [23, 25] which approximates
NLA for low mean photon number states, Dias and
Ralph [26, 27] showed that the entangled state heralded
by the successful operation of a single quantum scissors
across the lossy channel is more entangled than the cor-
responding plain lossy TMSV state in terms of the log-
arithmic negativity [28, 29] and entanglement of forma-
tion [30] measures. The present authors [31] evaluated
the reverse coherent information (RCI) [11, 32–35] of the
state heralded by NLA with multiple quantum scissors,
which is a lower bound on its distillable entanglement,
where the latter operationally quantifies the number of
ebits that can be distilled from an asymptotically large
number of copies of the heralded state using LOCC. It
was shown that the heralded RCI can exceed Cdirect(η)—
a necessary condition for a distillation scheme to be use-
ful in a repeater scheme. The CV error correction scheme
of [24] was recently generalized to the thermal loss chan-
nel [36]. NLA, both ideal [37], and approximate, based
on quantum scissors [38], was shown to increase the range
of CV quantum key distribution (QKD) in the presence
of thermal noise.
TMSV NLAQM QM
Figure 1. A repeater link for CV quantum communication
consisting of a two-mode squeezed vacuum (TMSV) state
source, N−quantum scissors NLA, and quantum memory
QM. For a chain of n repeater links over a channel of trans-
missivity η, the single link transmissivity is t = η1/n.
In this letter, using repeater nodes consisting of
TMSV sources for entanglement generation, the quan-
tum scissors for entanglement distillation (Fig. 1), a non-
Gaussian entanglement swap operation [39] to connect
adjacent repeater links (segmented portions of the lossy
channel arising from introducing repeater nodes), and
a layer of switched channel multiplexing across each re-
peater link to boost the end-to-end per-channel-use rates,
we present a CV quantum repeater scheme (Fig. 2) that
outperforms Cdirect(η). The main findings and contri-
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Figure 2. A CV quantum repeater scheme based on the repeater links of Fig. 1 and switched channel multiplexing. The operator
Πˆ refers to a non-Gaussian entangled state projection as described in (2). The empty circles denote switches. Quantum memories
are suppressed for brevity.
butions behind the working of the scheme include the
following: i) It is optimal to use NLA based on a sin-
gle quantum scissors for entanglement distillation in CV
quantum repeaters compared to any higher number of
scissors. This is because the product of the heralded RCI
and the heralding success probability, numerically opti-
mized over the free parameters of the system, is maxi-
mal for the single quantum scissors. ii) The optimal her-
alded RCI with a single quantum scissors in a repeater
link of transmissivity t approaches 1 independently of
the channel transmissivity t, which implies that the opti-
mal heralded state approaches a perfect ebit (Note that
the RCI of an ebit by definition is one); the correspond-
ing success probability is found to scale proportional to
t when t  1. The limiting case is clearly unphysical,
since it would require quantum scissors of infinite NLA
gain. Yet, it carries semblance to DV repeaters, where
entanglement distillation is typically based on the suc-
cessful detection of photons arriving at a repeater node,
such that a successful detection event heralds a perfect
ebit of entanglement and the detection success probabil-
ity scales proportional the transmissivity of the repeater
link. This prompts us to consider switched channel mul-
tiplexing across each repeater link similarly to the DV
case [17] as a way to boost the end-to-end rates. iii)
The DV-like mode of operation of CV repeater links of
Fig. 1 is far from optimal. We derive an explicit iterative
analytic formula for the end-to-end entangled quantum
state heralded across the CV repeater chain in Fig. 2 for
different number of repeater nodes. We identify a mode
of operation in terms of the parameters involved wherein
the individual CV repeater link states are far from be-
ing perfect ebits, but the success probability is higher
compared to the DV-like mode of operation, resulting in
a superior overall end-to-end entanglement distribution
rate-distance tradeoff compared to the DV-like mode of
operation, thus revealing the full potential of the CV re-
peater scheme.
Note that, prior to this work, Furrer and Munro have
proposed a CV repeater scheme based on alternative non-
Gaussian entanglement distillation schemes—symmetric
photon replacement and purifying distillation [40, 41],
that beats Cdirect(η) [39]. Their scheme involves itera-
tive use of entanglement distillation, which necessitates
classical communication between repeater nodes beyond
nearest neighbors, whereas ours only requires nearest
neighbor classical communications. Also, the quantum
scissors involves fewer DV resources (single photon injec-
tion and detection) compared to the non-Gaussian dis-
tillation schemes considered in [39], making it simpler to
implement. Further, while the analysis presented in [39]
considers a Gaussified version of the end-to-end heralded
non-Gaussian state, our analysis is based on the exact
non-Gaussian state heralded across the repeater chain.
CV repeater link based on the quantum scissors:
Consider a repeater link of transmissivity t, with a TMSV
entangled source of mean photon number µ and approx-
imate NLA of gain g =
√
(1− κ)/κ implemented by
N−quantum scissors at the output of the channel (where
κ is an intrinsic parameter of the scissors), as depicted
in Fig. 1. For N > 1, the quantum scissors-based NLA
module does the following (c.f. [31, Fig. 1]): i) Splits the
signal quantum state into N equal parts. ii) Each subsig-
nal undergoes the quantum scissors operation described
in [25, 42], which involves linear optics, single photon
injection and detection, and as the name suggests trun-
cates the sub-signal quantum state in Fock space to its
support on the subspace spanned by the 0 and 1 photon
Fock states. (See [43–46] for a related notion of quantum
scissors involving nonlinear optical elements). iii) Recom-
bines the "chopped" subsignals into one mode. When the
NLA succeeds, it heralds a noiselessly amplified [47] ver-
sion of the signal state that is truncated to its support
on the N−photon subspace spanned by 0, 1, . . . , N Fock
states. Section I of the Supplemental Material describes
the state heralded across the CV repeater link consisting
of N−quantum scissors of Fig. 1 in the Fock basis, the as-
sociated heralding success probability, and an expression
for the RCI of the state.
We numerically optimized the true RCI of the repeater
link state, namely the product of the heralded RCI and
the heralding success probability, over the TMSV mean
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Figure 3. (a) The optimal true RCI of the repeater link
state. (b) The optimal heralded RCI and (c) the correspond-
ing heralding success probability (scaled by the former).
photon number and the gain of the quantum scissors, for
different number of quantum scissors. The results are
plotted in Fig. 3 (a). Firstly, all the curves lie below
Cdirect(t), as should be the case by the very definition
of the capacity. Secondly, the optimal true RCI is the
highest for the single quantum scissors, which suggests
its optimality compared to higher number of scissors.
Further, the RCI heralded by N = 1, 2, 3, 4 quantum
scissors by itself is numerically optimized over the same
set of parameters, and plotted in Figure 3 (b) as a func-
tion ofN . The optimal heralded RCI in each case is found
to approach a limiting constant independent of the chan-
nel transmissivity t. The constant for a single quantum
scissors is found to be log2(2) = 1, which corresponds to
a perfect ebit of entanglement. For N > 1, the constant
is found to be less than log2 (N + 1), where N + 1 is the
dimensionality of the output Hilbert space, which indi-
cates that the optimal heralded entangled states do not
approach perfect “e-dits” except when N = 1. In Fig. 3
(c), the asymptotic scaling (t 1) of the heralding suc-
cess probability corresponding to the optimal RCI (scaled
by the former) is plotted as a function of the transmission
distance for different N and found to be ∝ tN .
Non-Gaussian entanglement swapping: Consider
that the state heralded across a repeater link of Fig. 1
can be expressed as [48]
|ψ〉ABL ∝
(
1 + ξa†b†
)
σρAL|0〉ABL (1)
where aˆ, bˆ are the repeater link mode operators, L is
the loss mode, ξ a function of µ, κ, t, and σρAL is the
two-mode squeezing operator corresponding to squeez-
ing of magnitude ρ in modes A, L, where tanh ρ =√
1− t tanh(sinh−1√µ), [49]. Clearly the state in (1) is
non-Gaussian. In the limit of low TMSV mean photon
number, to first approximation, the state in modes A, B
is a pure state of the form
|ψ〉A1B1 =
(|0〉A1 |0〉B1 + ξ |1〉A1 |1〉B1) /√1 + ξ2. (2)
At a repeater node, the entanglement in two such re-
peater link states |ψ〉A1B1 and |ψ〉A2B2 can thus be
swapped by a non-Gaussian entangled projection oper-
ator of the form Πˆ = |φ〉 〈φ|B1A2 , where |φ〉B1A2 =(|0〉B1 |0〉A2 + q |1〉B1 |1〉A2) /√1 + q2, with q = 1/ξ.
Such a projection can be implemented by Fock state fil-
tering [39, 40] and a sequence of displacement operations,
photon subtraction and vacuum projection [39] [50].
Quantum Repeater based on switched channel
multiplexing: In order to describe the idea behind
switched channel multiplexing, let us for the moment con-
sider a single-photon-based DV quantum repeater chain
of n = 2x, x ∈ N links of the type shown in Fig. 2, so
that t = η1/n. The DV source generates a perfect max-
imally entangled qubit pair (Bell pair), of which one of
the qubits is transmitted through the lossy channel seg-
ment. Heralding the arrival of this transmitted photon
after loss here signifies the distillation a perfect ebit (RCI
IR=1), which happens with a probability p ∝ t = cη1/n.
Further, at each repeater node, one local photon and one
photon received through the channel are combined on
a Bell-basis entangling measurement. The measurement
succeeds with a probability pswap, accomplishing entan-
glement swapping across the repeater node.
By introducing a layer of switched multiplexing across
each repeater link, e.g., using a large number of spectral
modes from the source, the success probability p can be
boosted. For M parallel channels in a repeater link, the
probability that at least one of them succeeds in distilling
an ebit of entanglement is given by
pM = 1−
(
1− cη1/n
)M
. (3)
For the n−repeater link chain, where each link is
M−multiplexed, the rate at which an ebit of entangle-
ment can be distributed between the end nodes equals
the probability that at least one of the M modes suc-
ceeds in each of the n links and the entanglement swaps
at each of the n− 1 repeater nodes succeeds. It is given
by the rate R (in units of ebits/c.u.) that obeys
M ×R = pnMpn−1swap ≤
{
pn−1swap
(Mc)
n
ηpn−1swap
(4)
From the first upper bound in (4), we have
n = log (M × pswap ×RUB) / log pswap. The two upper
4bounds intersect at η = 1/ (Mc)n. From the intersec-
tion, we have n = − log η/ log (Mc) . Combining the two,
we have
log (M × pswap ×RUB) =
(
log (1/pswap)
log (Mc)
)
log η (5)
⇒ RUB = 1
M × pswap η
τ , τ =
log (1/pswap)
log (Mc)
. (6)
ForM > 1/(pswapc), τ < 1, which beats the direct trans-
mission capacity Cdirect = − log(1− η) when η  1 since
the latter becomes ≈ 1.44η in the limit. The RUB rep-
resents an upper bound on the envelope of achievable
rates with the repeater scheme. The exact envelope of
achievable rates with the repeater scheme was shown to
be [17]
R =
1
M × pswap η
s, s =
log
(
pswap
(
1− (1− cz)M
))
log z
,
(7)
where z is the unique solution of the transcendental equa-
tion (
1− (1− cz)M
)
log
(
pswap
(
1− (1− cz)M
))
= cMz log z (1− cz)M−1 . (8)
DV-like operation of multiplexed CV repeater:
We now go back to the CV repeater link of Fig. 1 with a
single quantum scissors. By operating the scissors such
that the heralded state is a near-perfect ebit and the
heralding success probability is ∝ t (the proportionality
constant being c = 5 × 10−6 in the limit t  1), along
with the non-Gaussian Bell swap operation, we apply the
switched channel multiplexed repeater chain rate formula
of (7) to the repeater scheme in Fig. 2. Considering the
numerically optimized value of pswap = 0.00463 [51] for
the near-perfect ebit CV repeater link states, it turns out
that the degree of multiplexing M has to be at least of
the order of 109 so that the envelope of repeater-enhanced
rates (per channel use) scales as ηs with s < 1 in the high
loss regime. Figure 4 shows the rate envelope plots for
different M , where each of the plots is obtained by vary-
ing the number of repeaters in the mutliplexed repeater
chain. The rates are expressed in units ebits per chan-
nel use (ebits/c.u.). The channel is assumed to be an
optical fiber with attenuation constant 0.2 dB/km loss.
With M ≈ 109, the scheme attains a rate that scales as
ηs, where s = 0.68, which is found to beat the direct
transmission rate at ≈ 1070 km transmission distance.
Likewise, with M ≈ 1013, the scheme attains a rate ex-
ponent s = 0.32, beating the tradeoff at ≈ 800 km.
General operation of multiplexed CV repeater:
The simplicity of the above calculation of repeater per-
formance is a consequence of choosing the idealized, DV-
like mode of operation for the CV repeater links. How-
ever, this mode of operation is not necessarily optimal.
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Figure 4. Envelope of achievable entanglement distribution
rates obtained by varying the number of repeater nodes for
the DV-like operation of the multiplexed CV repeater scheme.
The different s parameter plots correspond to different degrees
of multiplexing.
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Figure 5. Entanglement distribution rates achieved by the
multiplexed CV repeater scheme calculated using the iterative
formula for the exact end-to-end heralded non-Gaussian state.
We explore other modes of operation in parameter space
by writing down the state heralded across the repeater
chain explicitly for n = 2x, x ∈ N number of repeater
links, denoted as ρˆA1Bn , and evaluating its RCI IR [52].
The rate per channel-use of aM−multiplexed version for
the repeater chain R is given by
M ×R = IR(ρˆA1Bn)×
(
1− (1− psciss)M
)n−1 × pn−1swap,
(9)
where psciss is the heralding success probability of the
quantum scissors in a repeater link and pswap is the
entanglement swap success probability associated with
the non-Gaussian entangled state projection (inclusive of
its physical implementation) for connecting two repeater
links. We identified an achieveable rate for the scheme by
choosing the TMSV mean photon numbers to be 0.0719,
the quantum scissors gain according to a power law given
by κ = k(η1/n)u, where k = 0.0557 and u = 0.6057, and
the entanglement swap parameter to be q = 1/ξ in rela-
tion to (1). Fig. 5 shows the rate curves corresponding to
this new mode of operation of the scheme for a degree of
multiplexingM = 106 and different number of repeaters.
We find that our scheme now beats Cdirect already at a
5distance of 500 km with just one repeater node. At a
distance of 1000 km, the new mode of operation attains
the same rate as the DV-like mode of operation for much
smaller M (106 compared to 1013), confirming that it is
significantly better, thereby showcasing the true poten-
tial of CV.
Outlook: Some possible directions for future work on
CV repeaters include considering the use of other entan-
glement sources such as the Bell states in the Gottesman-
Kitaev-Preskill [53] qubit basis, and other repeater archi-
tectures such as the notion of a one-way repeater scheme
based on quantum error correction, logical Bell state
measurements and teleportation [16]. Also, CV repeaters
for more general network scenarios involving multiple
communicating parties largely remains to be explored.
Such work might pave the way towards bridging the gap
between achievable entanglement distribution rates in re-
peater networks and the corresponding repeater-assisted
end-to-end rate capacities [54] (see also [55]).
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I. A LOWER BOUND ON THE DISTILLABLE ENTANGLEMENT OF THE REPEATER LINK STATE
In this section, we derive the reverse coherent information (RCI) [11, 32–34] of the state heralded across the
continuous variable (CV) repeater link in Fig. 1 of the main text for any N ≥ 1 number of quantum scissors. The
RCI is a proven information theoretic lower bound on a state’s distillable entanglement in the asymptotic limit of a
large number of copies of the state.
Consider that the two-mode squeezed vacuum (TMSV) state can be expressed in the Fock basis as
|ψ〉AR =
√
1− χ2
∞∑
n=0
χn |n〉A |n〉R , (S1)
where χ = tanh
(
sinh−1
√
µ
)
, µ being the mean photon number in each mode. By modeling the pure loss channel of
transmissivity t with a beam splitter of the same transmissivity acting on the signal mode R and the environment
mode E which is in the vacuum state, we obtain a three-mode output state (R→ Y ) of the form
|ψ〉AY E /
√
1− χ2 =
∞∑
n=0
χn
n∑
k=0
√(
n
k
)
xkyn−k |n〉A |n− k〉Y |k〉E (S2)
=
∞∑
k=0
∞∑
n=k
χn
√(
n
k
)
xkyn−k |n〉A |n− k〉Y |k〉E (S3)
=
∞∑
k=0
∞∑
m=0
χn
√(
m+ k
k
)
xkym |m+ k〉A |m〉Y |k〉E , (S4)
where x =
√
1− t and y = √t.
When NLA is successfully applied on the mode Y (Y → B) using N−quantum scissors (c.f. [31, Fig. 1] for
a schematic of the NLA), the state heralded across Alice, Bob and the environment, and the heralding success
6probability are given by
|ψ〉ABE =
c√
PN
∞∑
k=0
ak
N∑
m=0
N !
(N −m)!
√(
m+ k
k
)
bm × |m+ k〉A |m〉B |k〉E , (S5)
PN = c
2
∑
k
a2k
N∑
m=0
(
N !
(N −m)!
)2(
m+ k
k
)
b2m, (S6)
where a = χ
√
1− t, b = gχ√t/N, c = √(1− χ2)κN , g is the NLA gain of the quantum scissors, and κ = 1/ (1 + g2)
is an intrinsic parameter in the quantum scissors.
The final two-mode state heralded across the NLA is obtained by tracing over the loss mode E as ρ(N)AB =∑∞
u=0 ρ
(N)
AB (u) , where
ρ
(N)
AB (u) =
N∑
m=0
N∑
m′=0
ζ(N)m,uζ
(N)
m′,u |m+ u,m〉 〈m′ + u,m′|AB , (S7)
and the coefficients ζm,u are given by
ζ(N)m,u = ca
ubm
N !
(N −m)!
√(
m+ u
u
)
. (S8)
The state ρ(N)AB is thus
ρ
(N)
AB =
∞∑
u=0
N∑
i=0
(
ζ
(N)
i,u
)2
|ΦN (u)〉 〈ΦN (u)|AB (S9)
|ΦN (u)〉AB =
∑N
i=0
(
ζ
(N)
i,u
ζ
(N)
N,u
)
|u+ i, i〉AB√∑N
i=0
(
ζ
(N)
i,u
ζ
(N)
N,u
)2 , (S10)
so that its entropy is given by
H (AB) = −
∞∑
u=0
(
N∑
i=0
(
ζ
(N)
i,u
)2)
log2
(
N∑
i=0
(
ζ
(N)
i,u
)2)
. (S11)
The state on system A is obtained by tracing over B as ρ(N)A = TrB
(
ρ
(N)
AB
)
ρ
(N)
A =
∞∑
u=0
N∑
m=0
(
ζ(N)m,u
)2
|m+ u〉 〈m+ u|A (S12)
=
(
N∑
u=0
Γ1 (u) +
∞∑
u=N+1
Γ2 (u)
)
|u〉 〈u|A . (S13)
where
Γ1 (u) =
∑
{i, j} ≥ 0,
i+ j = u
(
ζ
(N)
i,j
)2
, Γ2 (u) =
N∑
i=0
(
ζ
(N)
i,u−i
)2
. (S14)
Its entropy is therefore given by
H (A) = −
N∑
u=0
Γ1 (u) log2 Γ1 (u)−
∞∑
u=N+1
Γ2 (u) log2 Γ2 (u) . (S15)
Thus, the RCI of the heralded state follows from (S11) and (S15) as
IR = H (A)−H (AB) . (S16)
7Trace Operation
Figure S1. A Non-Gaussian entanglement swap operation based on Fock state filtering, displacement operations, photon
subtraction and vacuum projection.
II. NON-GAUSSIAN ENTANGLEMENT SWAP
A beam splitter of transmissivity T = cos2 θ acting on modes i and j can be described by the unitary operator:
Uij (θ) = exp
(
−θ
(
aˆ†i aˆj − aˆ†j aˆi
))
, (S17)
that transforms the mode operators as
(
aˆi
aˆj
)
→ Uij (θ)†
(
aˆi
aˆj
)
Uij (θ) (S18)
=
(
cos θ sin θ
− sin θ cos θ
)(
aˆi
aˆj
)
. (S19)
It’s action on a Fock state input |n〉i ⊗ |0〉j is given by
Uij (θ) |n〉i |0〉j =
n∑
k=0
√(
n
k
)(
cos2 θ
)k/2 (
sin2 θ
)(n−k)/2 |k〉i |n− k〉j . (S20)
Proposition 1. Consider the channel comprising of mixing an input mode i with a mode j in the Fock state |1〉j on
a beam splitter Uij (θ), followed by a projective measurement 〈1|i in mode i. Let us denote this non-trace-preserving
map as N 11i→j (θ). It can be written as
N 11i→j (θ) =
(
− sin θ + cos θ d
dθ
)
(sin θ)
nˆij , (S21)
where we use the notation nˆij |n〉i = |n〉j to denote input to output transformation.
Proof. We have
Uij (θ) |n〉i |1〉j = Uij (θ) aˆ†j |n〉i |0〉j (S22)
=
(
− sin θaˆ†i + cos θaˆ†j
)
Uij (θ) |n〉i |0〉j (S23)
8This implies
〈1|i Uij (θ) |n〉i |1〉j = 〈0|i aˆi
(
− sin θaˆ†i + cos θaˆ†j
)
Uij (θ) |n〉i |0〉j (S24)
= − sin θ 〈0|i aˆiaˆ†iUij (θ) |n〉i |0〉j + cos θ 〈0|i aˆiaˆ†jUij (θ) |n〉i |0〉j (S25)
= − sin θ 〈0|i
(
1 + aˆ†i aˆi
)
Uij (θ) |n〉i |0〉j + cos θ 〈0|i aˆiaˆ†jUij (θ) |n〉i |0〉j (S26)
= − sin θ 〈0|i Uij (θ) |n〉i |0〉j + cos θ 〈0|i aˆiaˆ†jUij (θ) |n〉i |0〉j (S27)
= − sinn+1 θ |n〉j + n cos2 θ sinn−1 θ |n〉j (S28)
=
(
− sin θ + cos θ d
dθ
)
sinn θ |n〉j , (S29)
which implies, for a general state |ψ〉i =
∑
n cn |n〉i , the action of the channel is as given in (S21).
Proposition 2. Consider the channel comprising of mixing an input mode i with a mode j in the Fock state |0〉j on a
beam splitter Uij (θ), followed by a projective measurement 〈1|i in the mode i. Let us denote this non-trace-preserving
map as N 01i→j (θ). It can be written as
N 01i→j (θ) = cos θ (sin θ)nˆij aˆj (S30)
where we use the notation nˆij |n〉i = |n〉j to denote the input to output transformation.
Proof. From (S20), we have
〈1|i Uij (θ) |n〉i |0〉j =
√
n cos θ sinn−1 θ |n− 1〉j (S31)
= aˆj cos θ sin
n−1 θ |n〉j (S32)
= cos θ (sin θ)
nˆij aˆj |n〉j (S33)
which implies, for a general state |ψ〉i =
∑
n cn |n〉i , the action of the channel is as given in (S30).
Remark 3. The displacement operation Dˆi (λ) on a mode i can be implemented using a beam splitter Uij (θ) with the
mode j in the coherent state
∣∣λ/ sin2 θ〉
j
.
Proposition 4. Consider the measurement depicted in Fig. S1. The projection implemented by the measurement
scheme on modes 2 and 3 is given by Fˆ †23, where
Fˆ23 = − cos2 θ
(
sin2 θ
)λ2 (λ2
2
|0〉2 |0〉3 +
1
4
|1〉2 |1〉3
)
, (S34)
where θ is related to the transmissivity of the photon subtraction beam splitters and λ is the amplitude of the displace-
ment stages.
Proof. The measurement scheme depicted in Fig. 1 implements the projection Fˆ †23, which is
〈0, 0|23 Dˆ3 (−λ)N 013→3′′ (θ)θ→0 Dˆ3 (λ) Dˆ2 (λ)N 012→2′′ (θ)θ→0 Dˆ2 (−λ)U†23 (pi/4)N 112→2′ (pi/4)N 113→3′ (pi/4)U23 (pi/4) ,
(S35)
where for brevity of notation the primes on the output modes of individual elements in the transformation are
suppressed ahead of the subsequent elements, and λ ∈ R+.
From, (S30), we have
〈0|2 Dˆ2 (λ)
(N 012→2′′ (θ)) Dˆ2 (−λ) = 〈0|2 Dˆ2 (λ) cos θ (sin θ)nˆ2 aˆ2Dˆ2 (−λ) (S36)
= cos θ (sin θ)
λ2 〈−λ|2 aˆ2Dˆ2 (−λ) (S37)
= cos θ (sin θ)
λ2 〈0|2 Dˆ2 (λ) aˆ2Dˆ2 (−λ) (S38)
= cos θ (sin θ)
λ2 〈0|2 (aˆ2 − λ) (S39)
= cos θ (sin θ)
λ2
(〈1|2 − λ 〈0|2) . (S40)
9Likewise,
〈0|3 Dˆ3 (−λ)
(N 013→3′′ (θ)) Dˆ3 (λ) = cos θ (sin θ)λ2 (〈1|3 + λ 〈0|3) .
From (S21),
N 11 (pi/4) |n〉 = −
(
1√
2
)n+1
+ n
(
1√
2
)2(
1√
2
)n−1
|n〉 (S41)
=
(n− 1)(√
2
)n+1 |n〉 . (S42)
Therefore, we have
N 11 (pi/4) = (nˆ− 1)(√
2
)nˆ+1 .
Thus, Fˆ †23 in (S35) can be written as
Fˆ †23 = cos
2 θ
(
sin2 θ
)λ2
(〈1|3 + λ 〈0|3) (〈1|2 − λ 〈0|2)U†23 (pi/4)
(nˆ2 − 1)(√
2
)nˆ2+1 (nˆ3 − 1)(√
2
)nˆ3+1U23 (pi/4) (S43)
= cos2 θ
(
sin2 θ
)λ2
(〈1|3 + λ 〈0|3) (〈1|2 − λ 〈0|2)U†23 (pi/4) (nˆ2 − 1)
1(√
2
)nˆ2+nˆ3+2 (nˆ3 − 1)U23 (pi/4) (S44)
= cos2 θ
(
sin2 θ
)λ2
(〈1|3 + λ 〈0|3) (〈1|2 − λ 〈0|2)
× U†23 (pi/4) (nˆ2 − 1)U23 (pi/4)U†23 (pi/4)
1(√
2
)nˆ2+nˆ3+2U23 (pi/4)U†23 (pi/4) (nˆ3 − 1)U23 (pi/4) . (S45)
From (S19), we have
U†23 (pi/4) (nˆ3 − 1)U23 (pi/4) =
(
aˆ†2 − aˆ†3
)
(aˆ2 − aˆ3)
2
− 1 (S46)
U†23 (pi/4) (nˆ2 − 1)U23 (pi/4) =
(
aˆ†2 + aˆ
†
3
)
(aˆ2 + aˆ3)
2
− 1. (S47)
Thus, we have Fˆ †23
= cos2 θ
(
sin2 θ
)λ2
(〈1|3 + λ 〈0|3) (〈1|2 − λ 〈0|2)

(
aˆ†2 + aˆ
†
3
)
(aˆ2 + aˆ3)
2
− 1
 1(√
2
)nˆ3+nˆ2+2

(
aˆ†2 − aˆ†3
)
(aˆ2 − aˆ3)
2
− 1
 .
The projector can be written in the ket form as Fˆ23
= cos2 θ
(
sin2 θ
)λ2 
(
aˆ†2 + aˆ
†
3
)
(aˆ2 + aˆ3)
2
− 1
 1(√
2
)nˆ3+nˆ2+2

(
aˆ†2 − aˆ†3
)
(aˆ2 − aˆ3)
2
− 1
 (|1〉2 − λ |0〉2) (|1〉3 + λ |0〉3)
= cos2 θ
(
sin2 θ
)λ2 
(
aˆ†2 + aˆ
†
3
)
(aˆ2 + aˆ3)− 2
8
(− 1√
2
(|2〉2 |0〉3 + |0〉2 |2〉3) + 2λ2 |0〉2 |0〉3
)
= − cos2 θ (sin2 θ)λ2 (λ2
2
|0〉2 |0〉3 +
1
4
|1〉2 |1〉3
)
. (S48)
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Remark 5. Fˆ23 can be expressed in a weighted normalized form as− cos2 θ (sin2 θ)λ2 √1 + 4λ4
4
(2λ2 |0〉2 |0〉3 + |1〉 |1〉3√
1 + 4λ4
)
.
Remark 6. Thus, states
|ψ〉12 =
|0〉1 |0〉2 + ξ |1〉1 |1〉2√
1 + ξ2
,
|ψ〉43 =
|0〉4 |0〉3 + ξ |1〉4 |1〉3√
1 + ξ2
,
can be entanglement swapped into a state |ψ〉14 = (|0〉1 |0〉4 + ξ |1〉1 |1〉4) /
√
1 + ξ2, using Fˆ23 of Prop. 4 with λ =
√
ξ/2.
The success probability of physically implementing the projection Fˆ23 on these states is given by
Pphys =
(
ξ2
1 + ξ2
)
cos4 θ
(
sin2 θ
)ξ
16
, (S49)
which can be numerically optimized over the reflectivity parameter θ.
III. ITERATIVE FORMULA FOR A CHAIN OF REPEATER LINKS CONNECTED BY THE
NON-GAUSSIAN ENTANGLEMENT SWAP
As an alternative to the Fock basis description presented in Section 1, the state successfully heralded across the
proposed CV repeater link with a single quantum scissors can also be expressed as [48]
|ψ(1)〉A1B1L1 =
1
γ(1)
(
γ
(1)
0 + γ
(1)
1 a
†
1 + γ
(1)
2 b
†
1 + γ
(1)
3 a
†
1b
†
1
)
σρA1L1 |0〉A1B1L1 , (S50)
where
γ
(1)
0 = f, (S51)
γ
(1)
1 = 0, (S52)
γ
(1)
2 = 0, (S53)
γ
(1)
3 = κhf (S54)
f =
√
κ sech r√
sech2 r + t tanh2 r
, (S55)
γ(1) =
√
κ sech2 r + t tanh2 r
cosh2 r(sech2 r + t tanh2 r)2
, (S56)
κh =
√
1− κ
κ
√
t tanh r, (S57)
tanh ρ =
√
1− t tanh r, (S58)
σρAL is the two-mode squeezing operator corresponding to squeezing of magnitude ρ in modes A1, L1, and r =(
sinh−1
√
µ
)
. The heralding probability is given by
Psciss = γ
(1)2. (S59)
The state obtained by connecting two such repeater links using a Bell swap projection ΠˆB1A2 = |φ〉〈φ|B1A2 , where
|φ〉B1A2 =
1√
1 + q2
(|00〉B1A2 + q|11〉B1A2), q ∈ R+ , (S60)
11
is given by
〈φ|B1A2 |ψ(1)〉A1B1L1 ⊗ |ψ(1)〉A2B2L2 = 〈φ|B1A2
((
f
γ(1)
)2
(1 + κa†1b
†
1)(1 + κa
†
2b
†
2)σ
ρ
A1L1
σρA2L2 |0〉A1B1L1A2B2L2
)
.
(S61)
As a result, the state of the modes A1, B2, L1 is heralded as
|ψ(2)〉A1B2L1 =
1
γ(2)
(
γ
(2)
0 + γ
(2)
1 a
†
1 + γ
(2)
2 b
†
2 + γ
(2)
3 a
†
1b
†
2
)
σρA1L1 |0〉A1B2L1 , (S62)
where
γ
(2)
0 = 1, (S63)
γ
(2)
1 = κhq tanh ρ (S64)
γ
(2)
2 = 0 (S65)
γ
(2)
3 = κ
2
hq (S66)
γ(2) =
√
1 + κ2hq
2 sinh2 ρ+ κ4hq
2 cosh2 ρ. (S67)
The corresponding success probability is given by the product of the ideal Bell swap projection probability for the
repeater link states PΠˆ times the probability of physically implementing the projection using linear optics Pphys of
(S49), i.e.,
Pswap = PΠˆ × Pphys, (S68)
where the former is the norm of the unnormalized state in (S61), given by
PΠˆ =
f4 sech2 ρ
(1 + q2)γ(1)
4 γ
(2)2 (S69)
Now, say we want to concatenate two such states |ψ(2)〉ABL (connected by the non-Gaussian Bell state projection),
to obtain the state |ψ(3)〉ABL across four repeater links, or similarly concatenate two states |ψ(3)〉ABL to obtain the
state across eight repeater links |ψ(4)〉ABL. More generally, assume that at the ith step of concatenation, we have two
states whose tensor product is
|ψ(i)〉A1B1L1⊗|ψ(i)〉A2B2L2 = (γ(i)0 +γ(i)1 a†1+γ(i)2 b†1+γ(i)3 a†1b†1)(γ(i)0 +γ(i)1 a†2+γ(i)2 b†2+γ(i)3 a†2b†2)σρA1L1σ
ρ
A2L2
|0〉A1B1L1A2B2L2 ,
(S70)
where for brevity of notation, we have denoted the modes as A1, B1, L1, A2, B2, L2 in place of the actual mode
labels. When the modes B1 and A2 are projected on the non-Gaussian Bell state, we have
〈φ|B1A2 |ψ(i)〉A1B1L1 ⊗ |ψ(i)〉A2B2L2 = (a〈00|B1A2 + b〈01|B1A2 + c〈10|B1A2 + d〈11|B1A2)σρA1L1σ
ρ
A2L2
|0〉A1B1L1A2B2L2 ,
(S71)
where
a =
(γ
(i)
0 + γ
(i)
1 a
†
1)(γ
(i)
0 + γ
(i)
2 b
†
2)√
1 + q2
+
(γ
(i)
2 + γ
(i)
3 a
†
1)(γ
(i)
1 + γ
(i)
3 b
†
2)q√
1 + q2
(S72)
b =
(γ
(i)
2 + γ
(i)
3 a
†
1)(γ
(i)
0 + γ
(i)
2 b
†
2)q√
1 + q2
(S73)
c =
(γ
(i)
0 + γ
(i)
1 a
†
1)(γ
(i)
1 + γ
(i)
3 b
†
2)q√
1 + q2
(S74)
d =
(γ
(i)
0 + γ
(i)
1 a
†
1)(γ
(i)
0 + γ
(i)
2 b
†
2)q√
1 + q2
. (S75)
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The resulting state that is heralded in modes A1, B2, L1 is given by
|ψ(i+1)〉A1B2L1 =
1
γ(i+1)
(
γ
(i+1)
0 + γ
(i+1)
1 a
†
1 + γ
(i+1)
2 b
†
2 + γ
(i+1)
2 a
†
1b
†
2
)
σρA1L1 |0〉 , (S76)
where
γ
(i+1)
0 =
(
γ
(i)
0
2
+ qγ
(i)
2 (γ
(i)
1 + γ
(i)
0 tanh p)
)
(S77)
γ
(i+1)
1 =
(
γ
(i)
0 γ
(i)
1 + qγ
(i)
3 (γ
(i)
1 + γ
(i)
0 tanh ρ)
)
(S78)
γ
(i+1)
2 =
(
γ
(i)
0 γ
(i)
2 + qγ
(i)
2 (γ
(i)
3 + γ
(i)
2 tanh ρ)
)
(S79)
γ
(i+1)
3 =
(
γ
(i)
1 γ
(i)
2 + qγ
(i)
3 (γ
(i)
3 + γ
(i)
2 tanh ρ)
)
, (S80)
γ(i+1) =
√(
γ
(i+1)
0
2
+ γ
(i+1)
2
2)
+ cosh2 ρ
(
γ
(i+1)
1
2
+ γ
(i+1)
3
2)
. (S81)
The state can be simplified as
|ψ(i+1)〉A1B2L1 =
1
γ(i+1)
[(
γ
(i+1)
0 + γ
(i+1)
1 a
†
1
)
σρA1L1 |0〉A1L1 ⊗ |0〉B2 +
(
γ
(i+1)
2 + γ
(i+1)
3 a
†
1
)
σρA1L1 |0〉A1L1 ⊗ |1〉B2
]
(S82)
The end-to-end two-mode state heralded across a repeater chain of n = 2x, x ∈ N, repeater links can be written
down by tracing over the environment mode as
ρˆA1B2x = TrL1
(
|ψ(x+1)〉〈ψ(x+1)|A1B2xL1
)
= ρˆ
(0,0)
A1
⊗ |0〉〈0|B2x + ρˆ(0,1)A1 ⊗ |0〉〈1|B2x + ρˆ
(1,0)
A1
⊗ |1〉〈0|B2x + ρˆ(1,1)A1 ⊗ |1〉〈1|B2x , (S83)
where
ρˆ
(0,0)
A1
=
1
γ(x+1)
2
(
γ
(x+1)
0 + γ
(x+1)
1 a
†
1
)
ρˆthA1(ρ)
(
γ
(x+1)
0 + γ
(x+1)
1 a1
)
ρˆ
(0,1)
A1
=
1
γ(x+1)
2
(
γ
(x+1)
0 + γ
(x+1)
1 a
†
1
)
ρˆthA1(ρ)
(
γ
(x+1)
2 + γ
(x+1)
3 a1
)
ρˆ
(1,0)
A1
=
1
γ(x+1)
2
(
γ
(x+1)
2 + γ
(x+1)
3 a
†
1
)
ρˆthA1(ρ)
(
γ
(x+1)
0 + γ
(x+1)
1 a1
)
ρˆ
(1,1)
A1
=
1
γ(x+1)
2
(
γ
(x+1)
2 + γ
(x+1)
3 a
†
1
)
ρˆthA1(ρ)
(
γ
(x+1)
2 + γ
(x+1)
3 a1
)
, (S84)
where ρˆth is the thermal state of mean photon number ρ. The above density operator can be written in the Fock
basis with terms 〈m1,m2|A1B2x .ρˆA1B2x .|n1, n2〉A1B2x = ρˆ(m2,n2)A1 , {m1, n1 ∈W} and {m2, n2 ∈ {0, 1}}, where
ρˆ
(0,0)
A1
= 〈φ(0)m1 |ρˆthA1(ρ)|φ(0)n1 〉
ρˆ
(0,1)
A1
= 〈φ(0)m1 |ρˆthA1(ρ)|φ(1)n1 〉
ρˆ
(1,0)
A1
= 〈φ(1)m1 |ρˆthA1(ρ)|φ(0)n1 〉
ρˆ
(1,1)
A1
= 〈φ(1)m1 |ρˆthA1(ρ)|φ(1)n1 〉, (S85)
with
|φ(0)n 〉 =
(
γ
(x+1)
0 |n〉+ γ(x+1)1
√
n|n− 1〉
)
/γ(x+1),
|φ(1)n 〉 =
(
γ
(x+1)
2 |n〉+ γ(x+1)3
√
n|n− 1〉
)
/γ(x+1). (S86)
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Finally, the RCI of the state can thus be calculated from the eigenspectra of the suitably truncated Fock basis
density matrices corresponding to ρˆA1B2x and ρˆA1 .
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